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Abstract. In an era of rapidatechnological advancements and unprecedented data
inundation, sparsity has emerged as a key property with profound implications in
various fields. One important application of sparsity is sparse signal recovery, which
involves reconstructing signals from limited observations and is of great importance
in medical imaging, communication systems, and data compression. However,
traditional sparse signal recovery methods often require computationally intensive
algorithms, especially for large-scale problems. In this paper, we investigate the
application of the coherent Ising machine (CIM), a hybrid quantum computing
paradigm, as a novel approach to efficiently solve several sparsity-related optimization
problems, presenting significant contributions in terms of model development and
experimental validation. Our proposed models surpass existing approaches by reducing
the computationaliresource requirements and enhancing problem-solving capabilities.
Additionally, wefalso provide theoretical analysis on the performance guarantees of
the proposed modelsj offering insights into their reliability and robustness. To further
enhance the scalability and efficiency of the proposed model, we incorporate Benders
Decomposition to decompose large-scale problems into smaller subproblems that can
bessolved more effectively. In addition, the efficiency and accuracy of the CIM-based
sparse optimization approach are demonstrated through the experiments on the CIM
platform, which highlights its potential to solve complex combinatorial optimization
problems in practical scenarios.

Keywords: Sparse Optimization, Coherent Ising Machine, Combinatorial Optimization.

1. Introduction

In today’s rapidly evolving technological landscape, characterized by an unprecedented
delugerof data, sparsity has emerged as a precious property, particularly in high-
impact applications. Sparsity, the property that a significant fraction of elements
are zero or negligible in a given representation, is a cornerstone in several fields,
ranging from signal processing [1], image processing [2]| to machine learning [3]. The
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concept of sparsity has garnered immense attention for its inherent capacity to répresent
complex data structures succinctly. This essential attribute has played a key role in
simplifying computations, reducing memory requirements, and improving the efficiency
of algorithms in a wide variety of fields.

Sparse optimization is a branch of optimization that focuses on finding solutions
with a sparse representation. These problems typically involve ¢, norin regularization
or sparsity constraints, aiming to find solutions with a small number<{of non-zero
elements. Developing techniques that are computationally traetable to’solve these
optimization problems are critical. As a special case, sparse sigrﬁl recovery, the
process of reconstructing a signal from a limited set of measurementsior observations,
has attracted considerable interest due to its applicability in fields such as medical
imaging [4] and communication systems [5]. In the standard compressed sensing (CS)
theory, the fundamental objective is to find the sparsest approximation, i.e., minimize
the /o norm, within the constraints of an under-determined problem, as shown in Figure
1. However, this is an NP-hard problem in general [6]. One prominent approach in CS
involves minimizing the ¢;-norm of the signal, which SEIVES as a convex surrogate for the
non-convex {p-norm. While the direct application of /yregularization often necessitates
intricate and complex techniques, ¢, regularization offers a more tractable solution. It
can be efficiently addressed utilizing methods such as first-order convex optimization
and Orthogonal Matching Pursuit. (OMP).[7], thereby simplifying the optimization
process significantly. However, it is proven that {y-norm requires fewer measurements
for accurate signal reconstruetion compared to other norms like the ¢;-norm or /s-
norm [8|. This makes it particularly advantageous in scenarios with stringent resource
constraints, such as limited storage or bandwidth. In fact, the fy-norm achieves the
theoretically optimal reconstruetion performance. Specifically, it guarantees successful
signal reconstruction when thé compression rate « = m/n exceeds the sparsity density
p = k/n, i.e, a > p |8]. This represents the best possible performance boundary for
sparse signal recovery.

Traditional approaches for ¢, minimization often rely on iterative algorithms that
can be computationally demanding and time-consuming, particularly when dealing with
large-scale preblems., However, recent advancements in quantum computing, with its
extraordinary processing eapabilities, have opened up a promising avenue for harnessing
the potential of sparsity in intricate problem-solving endeavors. The integration of
quantum computing principles presents an exciting opportunity to expedite and enhance
the speed. and /accuracy of sparse signal recovery processes, thereby revolutionizing
the landscape of signal processing and data analysis. Quantum computers boast the
capability to explore an exponentially larger solution space within a fraction of the time
compared to their classical counterparts. This paper investigates the application of
eohierent Ising machines (CIM), a type of hybrid quantum device, as a novel approach to

efficiently recovering sparse signals, thus addressing a fundamental challenge in various
fields.
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;? Figure 1: Schematic representation of the compressed sensing problem, a specific
28 instance within the realm of sparse “optimization. The figure demonstrates
29 the transformation of a high-dimensional sparse signal into a lower-dimensional
;? measurement, space.

32

:2 CIM represents a notable advancement in the realm of quantum computing, which
35 harnesses the quantum propetrties of degenerate optical parametric oscillators (DOPOs)
36 to tackle complex optimization problems [9, 10]. Unlike conventional computers,
;73 CIMs leverage the distinctive}ynamics inherent in DOPO networks, which can be
39 interpreted as “artificial’ spins” with two states. This approach allows CIMs to
40 efficiently find the optimal solutions to combinatorial optimization problems, such as
2; sparse optimizationsthat are computationally intensive for conventional algorithms. By
43 utilizing a measutement and feedback scheme to simulate arbitrary spins coupling [11],
44 CIMs can tackle large-scale problems invloving thousands of spins [12,13], overcoming
22 the limitations of previous physical Ising machines.

47 Note that when the system of linear equations Ax = b is reformulated into a QUBO
48 model by encodifig’x as binary variables, the resulting QUBO matrix has O(n? K?) non-
49 zero entries, leading to a densely connected network. CIM is well-suited for solving
g? sparse optimization problems due to its ability to directly handle densely connected
52 networks. Unlike other quantum hardware devices, such as quantum annealers, which
gi typically rely on hardware-restricted local graphs like Chimera, CIM allows pairwise
55 coupling between any variables without requiring a minor embedding scheme. This
56 eliminates the need for additional resources to map densely connected networks onto
57 a limited graph structure. In addition, according to [14], CIM shows advantages in
gg handling high-density matrices. CIM also demonstrates advantages in terms of speed,
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scalability, and energy efficiency as it consumes lower energy in optical systems. For
instance, it has been shown to achieve solutions three orders of magnitude faster than
Simulated Annealing (SA) [13|, and its scalability has been proven by solving Ising
problems involving up to 100,000 variables.

In this paper, we delve into the optimization landscape of fy-norfn minimization,
a formidable challenge owing to its inherent combinatorial complexity. “We explore
the adaptation and utilization of CIM for the following three ¢y-related optimization
problems, capitalizing on their ability to traverse solutiondspaces_with reduced
computational effort: =

e Problem 1: Minimize the least-squares regularized with, ¢y norm, specified in
Definition 1.

e Problem 2: k-sparsity constrained minimization, specified. in/Definition 2.
e Problem 3: Least-squares constrained by fixed sparsity, specified in Definition 3.

In many practical applications, it is sufficientato achieve a certain sparsity level
rather than seeking the absolute sparsest solution. Withyprior experience on the upper
bound of sparsity, we can obtain the optimal solutions by addressing the aforementioned
sparse constraint optimization problems 2 and 3. The difficulty of solving these models
lies in the sparsity constraint. Note that the sparsity-constrained problem aligns closely
with the statistical concept of featureyselection [15]. In the realm of statistics, the
process of feature selection involves choesing a subset of relevant features from a larger
set to build a predictive modeék. The processiaims to identify the most informative and
influential features while discarding, those that are less significant.

In addition to the develgpment of,quantum hardware devices, the integration of
quantum and classical computa{ional methods has proven to be a beneficial step toward
practical implementation’ [1648|.. Hybrid quantum-classical algorithms capitalize on
the strengths of both, paradigms, combining the flexibility of classical optimization
with the power of quantum computing. Among these hybrid approaches, the quantum
Benders decomposition[19+21] algorithm has emerged as a powerful method for tackling
challenging optimization problems that involve both continuous and discrete variables.
Aonishi et al. [22] exploitthe innovative divide-and-conquer strategy that is conceptually
similar to Bénders” decomposition, where the optimization of each type of variable can
be handled separately while the other type of variables are fixed. The fy-norm problem
in [22] involves a quadratic cost function rather than a linear one, which deviates from
classical Benders’ decomposition that typically handles linear optimization problems. It
remains an interesting question to explore the compatibility of Benders decomposition
with sparsé optimization problems and its effectiveness.

Ivd.. Main Results

The integration of quantum principles in solving sparsity-related challenges signifies a
progressive step toward harnessing quantum advantages for practical applications. As
summarized in Table 1, our contributions can be concluded in the following parts:

Page 4 of 39
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Problem 1 | Problem 2 | Problem 3 # of Ising spins
Ide and Ohzeki [23] v v v (K —1)
Romano et al. [24] v X X n(K 41)
Section 3.1 (Model 1) v v v/ n(K + 2)+slack variables*
Section 3.3 (Model 2.1) v v X n(K #1)
Section 4.2 (Model 2.2) v v v n(K + [log K| + 1)*

Table 1: Comparison of current work with previous works. *The slack variables and
[log K] term can be avoided using the quantum conditional gradientymethod in [17].

~

e In Section 3.1, we initially introduce a unified model, referred to as model 1,

that addresses three distinct problems concurrentlys This model, where the signal
itself comprises real-valued variables while the ¢, nerm introduces binary variables,
exemplifies the complexity inherent in such mixed-variable systems. We also present
the use of the quantum Benders decomposition algorithm to efficiently partition the
optimization process into subproblems, addressing regl—valued and binary variable
components iteratively. This approach further/reduces computational consumption
while maintaining the solution’s fideélity.

In addition to the mixed-variable model, two further models leveraging fixed-point
representations of the signal are.proposed. In Section 3.3, we present model 2.1 as
an extension of model 1, which exhibits areduction in the number of required Ising
spins compared to model 1, while retaining the capability to address problems 1
and 2. Building upon model 2.1, we further refine our approach and present model
2.2 in Section 4.2, which gffectively addresses problem 3 with only [log K| cost of
additional Ising spins per signal. '\Compared to the approach detailed in [24], our
proposed models exhibit a superior problem-solving capacity concerning problem
2 and problem 3, as discussed in Section 4.1. Notably, our models significantly
reduce the bit requirements’in [23|, enabling existing devices to tackle larger-scale
problems efficiently. It,is worth mentioning that the slack variables in Model 1 and
the [log K] additional Ising spins per signal in Model 2.2 can be eliminated if we
employ the quantum conditional gradient method in [17].

We also/present a theoretical analysis of the performance guarantees of our proposed
model, providing a solid foundation for its reliability and effectiveness. We then
apply our model to the sparse signal recovery problem using the CIM physical
platform. |The experimental results conducted on the CIM physical platform
showcaseits remarkable capability to accurately recover the ground truth signal
within a millisecond-level time frame. This outcome underscores the efficiency and
efficacy of the CIM approach in addressing complex combinatorial optimization
problems within real-world scenarios.
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1.2. Related Work

In the field of compressed sensing, there are three primary classes ofi,algorithms for
sparse signal recovery: convex optimization, greedy iterative, and Bayesian inference
methods [25]. Convex optimization approaches frame the recovery as a convex preblem,
solving it within a convex framework [26]. Greedy iterative algorithms iteratively
detect the non-zero elements’ positions and recover the signal baseéd on the identified
support [27]|. Bayesian inference methods, or probabilistic approaches, utilize Bayesian
reasoning to generate sparse signals with a given prior [28|. In gssence,thése techniques
recover sparse signals through optimization, iteration, and probabilisti¢ inference.

In the realm of quantum algorithms, recent literature has presented innovative
approaches to address the /y-regularized compressediisensing problem under the
quadratic unconstrained binary optimization (QUBQ), framework. Aonishi et al.
[22] proposed a quantum-classical hybrid system comprising,quantum machinery and
classical digital processors. To theoretically assess the performance of the hybrid
CIM system, [22] introduces truncated Wigner stochastie differential equations (W-
SDEs) as a model for degenerate optical parametric oscillator networks. The study
employs statistical mechanics on the W-SDEs to derive' macroscopic equations. Notably,
the findings suggest that in practical seenarios like magnetic resonance imaging
data analysis, the estimation aceuracy of this® hybrid system may surpass that
of ¢1-RBCS. Gunathilaka et al. [29]yextended this work by introducing a chaotic
amplitude-controlled closed-lpop CIM (CGAC-CIM), leveraging chaotic dynamics to
escape local minima and achieve,enhanced accuracy in magnetic resonance imaging
data. Building on this, Aonishi et al. [30] developed a highly versatile Cyber CIM
implemented on FPGA, enabling both open-loop and closed-loop architectures with
FP32 precision for interagtion terms, and achieving computation speeds over ten times
faster than GPU implementations for applications including LORBCS. To address the
computational challenges of CIM’s stochastic differential equations, Gunathilaka et al.
[31] introduced the mean-fieldsCIM (MF-CIM) model, a physics-inspired heuristic solver
that simplifies differential equations, enabling efficient FPGA-based implementations
while preserving performance. These advancements collectively illustrate the evolution
of CIM technology and its practical relevance in compressed sensing tasks.

In a related vein, [32] introduces a hybrid methodology that alternates between
discretesand continuous optimization steps. Within the discrete optimization phase,
the Ising machine is employed to minimize the objective function described by the
QUBO form:The study demonstrates that even when substituting the Ising machine
with simulated annealing (SA), the method retains its functionality. In the reported
numerical.eéxperiments, SA is utilized for the discrete optimization stage. [33] investigates
compressed sensing for binary signal scenarios. This work formulates an equivalent
QUBO problem and leverages classical and hybrid quantum computing techniques based
on quantum annealing to tackle the challenge. The experimental results intriguingly
highlight a substantial enhancement in the reconstructability of problem instances

Page 6 of 39
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compared to traditional ¢; optimization methods.

The CIM [9-13,34-36] represents a type of Ising-like hardware solver designed for
specialized optimization of Ising models. The Ising model describes ‘Spin interaction
behavior and serves as a theoretical model for addressing combinatorial optimization
problems. Finding the optimal combination from a set of numeroushchoices can be
defined as discovering the ground state of an Ising model with apprepriate parameters.
The precursor to Ising computers involves quantum annealers (QA), which employ
superconducting qubits to emulate artificial spins. Inagaki et™al.[12] introduced a
large-scale artificial spin network based on degenerate optical parametric oscillators
(DOPO), paving the way for photon-based Ising machines capable of tagkling challenging
combinatorial optimization problems. Inagaki et al. [12] demonstrated that for 2000-
spin problems, encompassing random graphs, scale-free graphs, and complete graphs,
CIM could attain highly accurate approximate solutions within 5 ms, surpassing the
precision of classical computers using the GW-SDP algorithm. Notably, in complete
graphs, CIM achieved more accurate solutions compared to classical computers utilizing
simulated annealing (SA) while improving the speed by a?)proximately 20 to 50 times.
CIM’s prowess and advantage in solving, QUBQ problems are evident. CIM has
been demonstrated to solve problems sueh as, Maximum Likelihood Detection (ML-
MIMO) [37-40], error control decoding [41], MIMO beam selection [42|, computing
power scheduling [43], and molecular doeking [44].

2. Problem Definitions and Formulations

In sparse signal recovery, a fundamental challenge arises in accurately estimating a
sparse signal based solely omra limited set of observations. This scenario frequently
involves addressing the linear equation y = Ax, where the vector y € R™ denotes
the measurement datas thednatrix A € R™*™ represents the observation matrix (with
m < n), x signifiesithe sparse signal to be recovered. In [45], the authors proved a
crucial condition for signal recovery. Specifically, considering an x that adheres to a
k-sparse property (indicating that it has at most k nonzero components), it turns out
that if the restriectedrisometry constant 0oy satisfies the condition o, < 1, an intriguing
result unfolds. Namely, the minimization of the ¢y norm,

min| |x|[o (1)

st. Ax=y (2)

which seeks to find the sparsest solution, yields a unique outcome in the form of x.
The preblém is known to be NP-hard [6]. In addition, in many practical scenarios, the
measured signal y is perturbed by a small amount of noise n, i.e., y = Ax + n, our
models in this paper can be extended to accommodate this situation.

By formulating Eq.  (1)-(2) into the QUBO form, penalty methods are
introduced to attack the NP-hard unconstrained problem as miny ||x||o + A - ||]Ax — y|3.
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Alternatively, we can consider the equivalent fy-regularized problem that appears more
frequently in the literature.

Definition 1 (Minimize the least-squares regularized with ¢y norm). Given
measurement matriv A € R™"(m < n), measurements y € R™, we (@im tonrecover:
the sparse signal x € R™ wvia the following objective function:

min || Ax — y[3 + - [1xlo 3)

The function above is to find an estimate of x that minimizes the least-squares
error, given by ||Ax — y||3. To encourage sparsity in the solutiony‘a regularization term
is introduced using the ¢y norm. There are several linear models im"various contexts,
including inverse problems like compressed sensing andysparse regression [46]. The
distinctive aspect here lies in the primary focus of eachrdemain. dn statistical contexts,
the focus remains on predictive accuracy, whereas| in solving inverse problems, the
emphasis shifts towards unraveling the coefficients with'their inherent physical meanings
intact. S

Definition 2 (k-sparsity constrained minimization problem).

min || Ax <y||, (4)
seb. ||| o)< K (5)

In the context of sparse signal recovery, we further examine a scenario in which an
additional constraint is imposed,during the solution of the least-squares problem. The
goal is to find a sparse signal x*that,best fits the measurement data while adhering to
the sparsity constraint. The constraint requires that the sparsity of the solution vector
x does not exceed a giventhreshold k.

The k-sparsity constrainéd minimization problem, as depicted in equation (4)-(5),
closely relates to the €oncept of/feature selection in statistics [15|, which is formally
described as following,

n
min Oy, whx;) st [|wllo <k, (6)
wERP —

where ¢ is an appropriate ¢onvex loss function, such as the ones of ordinary least square,

i.e., U(ya)r= %(y < u)?, considered in this paper. In this problem, the objective is

to minimize thé sum of the loss terms, given by the function £(y;, wrz;), where y; is

the targetwariable associated with the i-th data point, x; is the corresponding feature
ve¢tor andew is a parameter vector to be optimized. The optimization goal is subject

to the congtraint that the ¢y norm of the parameter vector w is less than or equal to a

predefined value k, allowing us to select only a limited number of features for our model.

Definition 3 (Least-squares constrained by fixed sparsity).

min [[Ax —yl[, (7)
s.t. ||x|lo =k (8)

Page 8 of 39
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The third problem is a specific variant of the second problem, where the Sparsity
level is fixed at exactly k nonzero elements in the signal x. This problem is particularly
relevant when the exact sparsity level is known or when enforcing strict sparsity is erucial
for interpretability or resource-efficient signal representation.

3. QUBO Model for ¢, regularization

The QUBO problem belongs to a distinctive category of combimaterial eptimization
challenges. Its primary objective is to find a binary vector that mifimizes a quadratic
function. This specific problem class can be directly tackledasing QA /positioning it as
a pivotal domain within quantum computing research. It serves as a bridge connecting
traditional optimization problems with the quantum realm. As the field of quantum
computing continues to flourish, investigating and /comprehending QUBO problems
remains a cornerstone for realizing practical quantum applications in optimization.

The QUBO problem aims to identify a binarywectorthat can minimize a quadratic
function. The standard formulation for QUBO! problems €an be represented using the
equation:

min x Qx
xe{0,1}"

where Q is the coefficient matrix and, x is the binary vector. This mathematical
framework finds broad applications in various practical scenarios, including computer
vision [47-52]; machine learning tasks such as feature selection [53,54| and clustering
[55,56]; complex financial models like portfolio optimization [57|. Taking into account
the compatibility of QUBO prerms with coherent Ising machines, it is noteworthy that
coherent Ising machines are highly suited for addressing QUBO issues, making them an
excellent approach for optimization and sampling tasks.

3.1. A Unified Modeél

Consider a signal x composed of n components, where the i-th component is defined as
x; = g(9;), where d; is*@ binary vector of length K, representing the encoding of the
i-th component &;, ile.,

(sz' = [52'1751'27 - .,(Si ]T (9)

and®d;; € {0p1}. Here, g(-) : 2X — R is a function that maps binary vectors of length
K 'to real numbers. We assume that the range of z; is known, specifically, z; € [z, Z].
Letye’ = min,, 4o |z;|, which represents the minimum absolute value of non-zero

signal components. We introduce binary variables z; to indicate whether the i-th
+

component is zero, i.e., z; = 1 if x; is zero. Similarly, we define binary variables z;
and z; to indicate whether x; is positive or negative, respectively. To ascertain the

non-zero nature of each signal, we introduce the following constraints:
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e Bounds on signal components:

xz; +ezt <ap <Tzf —ez (10)

for all 1 < ¢ < n. Note that z; € [¢,z] when z; > 0, and z; € [zp—c] when
x; < 0. This constraint ensure that the variables z;, z;"

7

z; correctly assume values
to restrict the signal x; within a specified range.

Binary constraints:
- +
2 +zi+z =1 o (11)

for all 1 <7 <n. These constraints ensure that exactly oneout of the three binary
variables z;

7 )

replace z; using the substitution z; = 1 — 2, — z;7, but it is important to note that

z;, and 27 are active at a time, capturing the sign of z;. We can

the values of z;” and z;” must ensure that z; remaingwithinthe range {0,1}. Thus,
we need to add the following constraint:

27 + 2 A

This can be achieved by adding a penalty term z; : z} to the objective function.

Now, consider the QUBO model:

min H
= min zn:(zz_ +.2.) (12)
i—1
u’, Z (ZAM -9(di) — yz>2
=1 =1
+ )\-\Xn: 2 2
R |

FAY [z +ent + s — g(8)
=1

FAD [rn e - s — g(8,)]? (13)
=1

The third /andfourth terms enforce the lower and upper bounds on signal

components by introducing slack variables, for example, sgh) =) sl(-?) 229 (h=1,2).

3.2. Quantum Benders Decomposition Algorithm

The problem can be reformulated as follows:

min p’z (14)
st. Ax=Db (15)
Bx+Cz<h (16)

x € R",z € {0,1}*" (17)

Page 10 of 39
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where z = [Zl_a 22_7 s 7Z7;72f_a Z;_, s 727—“? p= ]-2n><17 and
—diag(1,) diag(z - 1,)  diag(e - 1,) 201
B = diag(ln) , C= diag(e . 1n) —diag(:i" : ]-n) ) h = [ xl}
. . 1n
onxn diag(1,)  diag(1,)

The ¢y-norm optimization problem is particularly suitable for Benders decomposition
due to its two-level structure, where the upper level involves binary, decisions to select
a subset of variables, and the lower level involves solving a gontinueusfoptimization
problem based on the selected subset. This separation allows thebinary selection to be
handled in the master problem, as the dependent continuous optimization is addressed
in the subproblem. The dual information obtained from solving the subproblem can
then be used to iteratively refine the master problem, with Benders cuts, ensuring
convergence. By decomposing the problem, Benders’/decomposition efficiently manages
the combinatorial complexity of /y)-norm constraints while leveraging the scalability of

solving smaller, more focused subproblems. R

Sparse optimization

________ -« ___

| |

: Subproblem :

| |

: : N Support set generation
| - !

|

: : Adding new cuts after signal reconstruction
I I

I I

: CPU :

I I

—_—_—————_——— &

Figure 2: The workflow of Quantum Benders Decomposition for sparse optimization,
where the Restrieted Master Problem (RMP) is solved using CIM to generate support
sets. The Subproblem, handled on a classical CPU, introduces new cuts based on
reconstructedssignals to iteratively refine the solution.

Werewrite the optimization problem as
minptz +t

where t is the optimal objective value of the primal subproblem under a given value of
z, i.e., when the support vector of the solution x that represents the locations of the
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non-zero entries in x is fixed:

(Primal Subproblem) ¢ =min0

X

st. Ax=Db
Bx <h-Cz

The value of ¢t can be interpreted as:

‘o {0, If 3 x with given non-zero entriés,

00, Otherwise.

In this context, ¢t = 0 indicates that the second-stage optimization problem is feasible
and has a solution for the given z, whereas ¢ = oo means that no feasible solution
satisfying the linear equations Ax = b exists under the given support set.

According to the duality theory, ¢ can be determined by solving the following dual

problem:
L
(Dual Subproblem) ¢ = max Ab—v"(h — Cz) (18)
st ATA+ BTy =0, (19)
v> 0. (20)

A and v are the Lagrange multipliers, associated with the equality and inequality
constraints, respectively. Thedfeasible regiomof the dual problem is fixed and determined
by the structure of the primal constraints. When addressing the dual subproblem under
the given parameter z, the algorithm will lead to one of two distinct outcomes:
e t is unbounded abowve: The algorithm will identify this condition and return an
extreme ray [A', v/ "] that satisfies:
AT+ T (h — Cz) < 0.
In this scenario, the objective function value f(z) is unbounded and approaches
+00. To ensure feasibility, a new feasibility cut is added to the master problem:

M+ (h — Cz) > 0. (21)

This-ensures that the objective function forms an obtuse angle with each extreme
ray of the dual feasible region.
e Existence of an optimal solution. The algorithm will return the corresponding

N AT

Sz | along with the corresponding optimal objective value of

extreme point |
1T T -
A; b+ (h — Cz). (22)
This expression forms the basis for generating the following optimality cuts
1T T

to tighten the master problem’s representation.
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We use Z and J to denote the whole set of extreme points and extreme rays
of the fixed dual feasible region. The value of t is the dual objective atisthe best
extreme point in Z while ruling out all extreme rays in J, directions of unbounded
improvement in the dual subproblem. Benders decomposition adopts andelayed
constraint generation strategy, by using only a subset of constraints innZ and J. To
this end, we introduce the Restricted Master Problem (RMPy), awelaxedyversion of
the original ¢, optimization problem. RMP} initially includes a’ subset ‘of the total
constraints, which are progressively added as the algorithm identifies wiolations through
the subproblem. By solving RMP, we obtain an approximate solutial, which is then
refined in subsequent iterations.

(Restricted Master Problem, RMPy) mitn p'z+t (23)

st. NTb 4 l—Cz) >0, ieZ, (24)
t 2Ab+ v (h—Cz), je T (25)

L
The restricted master problem can be transformed/to the following QUBO form:

P z+22’ t—l—Z(ATTb—i-VTTh Cz) Zs(l) 23)

1€Ty
2
+3 (t+zs@>-2f ATh — 1T (h — cz)) ,
JETk
where t;, sg e) , 3522 are binary variables for representing the slack variables.

A S



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - QST-103434.R2

Unified Sparse Optimization via Quantum Architectures and Hybrid Techniques 14

Algorithm 1 Quantum Benders Decomposition Algorithm

1: Initialize LB <— —o0, UB < +o00.

2: Define relaxed master problem RMP;, of the ¢y norm minimization problem.
3: while UB — LB > ¢ do

4:  Solve RMPy, to obtain optimal solution (z, t).

5:  Update LB < VAL,.

6:  Solve the subproblem under z

7. if Subproblem has an optimal solution (X, A, 7) then

$  if X'b+ 77 (h — Cz) < then <
9: (z, Z) is optimal.

10: Terminate.

11: else

12: Add constraint X?b + 7/ (h - Cz) <t to RMPj:

13: Update UB <+ min{UB, pTz}.

14: end if

15:  else y

16: Let AT, 2/"] be the extreme raytof the Dual Subproblem found under Z.
17: Add constraint A" + /" (h — Gz) .0 to RMP,.

18:  end if

19: end while

The Quantum Benders Deg¢emposition Algorithm combines classical optimization
with quantum computing tofsolve,sparse optimization problems efficiently. By
decomposing the optimization, problem into a master problem and a sub-problem,
this hybrid approach usés quamtum computing to solve RMPy, accelerating the
optimization process. The relaxed master problem involves fewer decision variables and
constraints and is often simpler.to solve than the original full problem. By solving this
relaxed version using quantum methods, the algorithm benefits from the parallelism
and efficiency of/quantum computers, which can provide faster solutions for large
optimization problems.

3.3. A Simplified Model

In this/section, we introduce a simpler model that requires fewer Ising spins for
representation. | Similarly, we make the assumption that each x; is represented by a
set/f K binary variables 4;;, where x; = g(d;) and ¢(-) : {0,1}* — R. We assume that
funetion g(+) possesses a unique zero point and denote the zero of g(-) as

8 = [0\, ... 6T,

i.e., g(80) = 0.
Let Zp = {j € [K ]](5](»0) = 0} represent the indices of zero values in the vector §(),
and let 7, = {j € [K ]|5j(.0) = 1} represent the indices of one values. We introduce the
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following constraints to characterize whether x; is equal to zero:

2 > 05, Jj€X (26)
2 >1-04, j€I (27)

The constraints above are pivotal in determining the value of z;. It™is important to
observe that for the indices j within the set Zy, the condition for 2; does net, coincide
with the zero point of the function g(-) is met if there exists at least one index j for
which ¢;; = 1. Similarly, for the indices j in the set Z;, x; deviates fromsthe zero point
if there exists at least one z; such that ¢;; = 0. In both scenaries, the inequalities in
question necessitate that z; must be assigned a value of 1. "Hewever; when the right-
hand sides of the inequalities evaluate to 0, it indicates that x; aligns with the zeros of
the function g(-). In this particular case, given that the objective function is designed
to minimize the cumulative sum of z; values, it is optimal te set z; to 0. This ensures
that the solution aligns with the minimization objective while adhering to the logical
structure of the constraints. 5

Let z = [21,20,...,2)T, 6 = [07,6%,..., 8% and p = [2z7,67|T € {0, 1}(E+D),
The quadratic unconstrained binary optimization formulation of this model is given by:

n

mpin’}—[ :mgnz <;A£’i.g(5i) _yg>2 +)\-izlzi

=

A3 ( > (G — zi6) + Y (L z)(1 - 5ij)). (28)

=1  jeTy J€LL

:)—‘

For notational convenience, we\let

n

Ho = D, (Z(%’ —2i05) + (L= z)(1 - 5@']‘))» (29)

i=1 “J€Lp JELY

the term (0;; — 240;;) and (I — z;)(1 — 0;;) in Ho encodes inequalities (26) and (27)
respectively.
Considerwhen

g(t) = w't +wy (w € RX wy € R),
then the i-th signal can be expressed as x; = w'd; + wy and consequently
x' =6"(1, ® w) +wol), (30)

where ® is the Kronecker product. The Hamiltonian of this model is represented as
follows,

H =p Qqp, (31)

where matrix Qo along with the detailed derivation, are provided in Appendix Appendix

A.
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Example 1 (Real valued signal). In scenarios involving signal components with both
positive and negative values, let us consider the case where we define T = —x(>.0. The
signal x; can be expressed as:

K
5= 2 X T X (Zz—fxaij—()ﬁ) e [-1,7). (32)
j=1
For inequalities related to the Ly norm, they take the form:
z; > 1 =05 (33)

2 > 05, J=>2 (34)

In the context of quantum optimization, the QUBO expression. isiprovided below:

> (23 e (0 sdeg)

/=1 i=1
K

A Z(l—zz (1— 5> (0 ZW)H Zzz (35)
=2

Example 2 (Non-negative signal). ‘Consideria scenario where the signal components
are non-negative, i.e., x = 0. We let

K
€T, =T X Z2ij X 6ij € [O,i’) (36)
j=1

With the constraint that 2 > 5;(%',]’), the corresponding QUBO model is presented as
following:

m n K

Z (Z Ag,i Z 5%] - W)Q

{=1 =1 j=1

+ A ZZ i — 2i0i5) F X - Z’Zl (37)
=1 j=1

3.4. Hyperparameter selection in the QUBO model

Within the QUBO model outlined earlier, an aspect that requires careful consideration is
related to the selection of the parameter A. The impact of A on the optimization process
is noteworthy. Larger values of A\ enforce a convergence of the solution vectors to a
state of zero, while considerably diminutive values steer the model towards resembling a
least-squares estimate. Optimal results are typically achieved for intermediary A values,
which facilitates the emergence of parsimonious models capable of faithfully recovering
the latent ground.
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However, when adapting these considerations to the quantum computing domain,
the precision limitations intrinsic to quantum systems necessitate a cautious calibration
of the penalization coefficient . Imposing excessively stringent penalties. «is
counterproductive due to these precision constraints. This prompts a pivotalinquiry:
how can the minimum threshold, denoted as Ay, be determined? The overarehing
strategy hinges upon the principle that solution vectors should not violate the eonstraints
to an extent that leads to a reduction in the objective value. Thus, thé motivation
behind selecting a sufficiently substantial penalty coefficient liesfin compelling solution
vectors to adhere within the feasible domain. In essence, this is 0 ensure that the
penalty incurred due to constraint violations surpasses the €orresponding reduction in
the objective function value.

In the context of an Ising model of the objective function, defined as
Ming,eq1,-13 0 Jo, the energy variation ensuing from thelipping of the i-th element
of o can be succinctly formulated as:

—4-0; (o), y (38)

where J; denotes the i-th row of matrix'Jiand (, ) represents the inner product. Note
that after normalization (e.g., after multiplying@afactor of 1/ miny, ;o A7;), the variation
in the quadratic formation of the constraint is at'least one, hence one possible lower
bound for A\ we can set is

Aain. = max | =4 - o; - (0,J;)]

4. Sparsity constrained optimization

Upon a quick examination, it becomes evident that our model in Section 3.1 can be
adapted to tackle both Problem 2 and Problem 3. Due to the constraint of brevity in
this context) we awill.skip the detailed discussion of these modifications here. In this
section, we will'explore the task of addressing both problem 2 and problem 3 within the
framework of our established model 2.1. To effectively tackle Problem 3, modifications
and enhancements were introduced to our Model 2.1, resulting in the development of
Model 2.2.

4.1. Tmeguality constraint

For model 2.1 presented in Section 3.3, the variable z; does not entirely capture the true
nature of the signal x; being exactly zero. This is because when x; equals zero, z; can take
on either the value 1 or 0. As a result, this model falls short of effectively addressing
problem 3. Despite this limitation, our model demonstrates notable efficacy without
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necessitating any modifications when the constraints are transformed into inéquality
constraints. The rationale behind this is that when x; is non-zero, z; is necessarily set
to 1. Consequently, the quantity Y ., z; serves as an achievable upper bound for|{x}g,
as demonstrated by the following problem formulation:

min||Ax — y|[5 (40)
s.t. Zzi =k (41)
i=1 o
z; = g(0;) (42)
zi 205, J€TLy (43)
zi>21—=045, jeL (44)

which is equivalent to problem 2.

We provide an analysis of the limitations and shortcomings of the model presented
in [24] when applied to sparsity-constrained optimization. Fhe approach in [24] is known
as termwise quadratization [58] in the literature,/which converts a monomial into a
quadratic polynomial using exactly one ‘@uxiliary variable. More specifically, there are
several negative monomials in the form of \— Hf:l b; in the QUBO objective function
in [24], the domain of each b; is {0,4}. The following two polynomials are equivalent:

d d

11 by and ag’{l(l)%} {(d la ;abl}. (45)
This involves representing the {y-norm using quadratic terms, resulting in a formulation
in the form of higher-ordersunconstrained binary optimization (HUBO) when dealing
with problem 2. Consequently, an order reduction step becomes necessary, which
adds complexity to,the meodel and increases the number of binary variables. More
importantly, the model described in [24] consistently requires the inclusion of the
quadratic polynomial eentainirig auxiliary variables, as outlined in equation (45), within
the objective function. This aspect of the model inclines it towards seeking solutions
with smaller {g=morms, which is not equivalent to addressing problem 2.

4.2. Equality eonstraint

In this(section, we focus on augmenting model 2.1 to effectively tackle the challenges
posedrby problem 3. The primary objective is to elucidate the key alterations made to
model 2.1 .and the resulting QUBO formulation. To achieve this, we have incorporated
specific constraints within Model 2.1, affecting each z; as follows:

Jj€To J€ly

This constraint ensures that if the signal x; is 0, z; must also be constrained to 0.
Correspondingly, we only need to augment the QUBO expression outlined in (A.1) with

Page 18 of 39



Page 19 of 39

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - QST-103434.R2

Unified Sparse Optimization via Quantum Architectures and Hybrid Techniques 19

the following term:

n

Z(Z&j_z&j—i‘mﬂ—Z@'—Sz’)Q—l—(izi—k)2, (47)

i=1 j€ly J€ELL

where s; = Ejﬂ;)% Ki=Lgi. si; serves as the slack variable.
By introducing these constraints and their respective QUBO representation, we can
tailor Model 2.1 to effectively address Problem 3, thus enhancingrits,applicability and

performance in this specific context. o

4.8. Further Applications

Our model can be extended to support vector machines (SVM), a powerful class
of supervised learning algorithms used for classification ‘and regression tasks. The
optimization problem for SVM can be formulated as fellows:

m &

1
\- — 0,1T-y;(w'x; — b 48
Iwllo+ 2 3 mgax(0. ¥ 1) (48)

where w is the weight vector, b is the bias term, ypare the labels of the training data x;,
and m is the number of training examples. The max operator in the objective function
can be transformed into the following quadratic objective function:

m

\- HWHO—l—%Zn’(l—yi(WTXi—b)), (49)

=1

by introducing variable € {0,43and the following inequality:
M(r; —1) <1 —y;(wrx; —b) < Mr; (50)

where M is a sufficiently large constant.

According to the previous methods, we can transform this problem into a QUBO
model, enablingrus to leverage quantum computing for SVM training and inference.
This extension démonstrates the versatility of our model and its potential to address a
wide range of eptimization problems beyond those discussed in earlier sections.

5. Theoretical Guarantee of Models under Fixed-Point Representation

In'our proposed models, the discretization of signals using Ising spins introduces certain
limitatiens compared to their continuous counterparts. This quantization process can
be.mathematically modeled as mapping the signals onto a finite alphabet through a
guantizer function. It inevitably leads to errors due to the reduction in the signal’s
value domain. In this section, we analyze the errors introduced by signal quantization
in these {y-based models.
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Existing literature has explored the challenges in compressed sensing associated
with quantized measurements [59-61|. In conventional models, it is generallyrassumed
that continuous-valued measurements of an unknown signal are available. In real-wezld
applications, these measurements need to be converted into a limited bitaepresentation
for purposes such as transmission, storage, and processing. In extréme cases, such
as one-bit sign measurements [62-64|, only the sign of the measurement is, retained,
discarding all magnitude information. Despite this, several studies have invéstigated the
error characteristics of ¢1-based models under quantized measurements.and.analyzed the
performance of associated algorithms [59, 65, 66]. =

Our analysis in this section focuses specifically on quantization inffy-based models
and evaluating the resulting reconstruction errors. This investigation aims to deepen our
understanding of the theoretical guarantee imposed by discrete representations. We first
introduce quantizer Q(-) : R" — R7, where R7, denotes the domain of the quantizer
Q(x), i.e., the set of all possible quantized repre§entations of signals, and its worst
case distortion €, which is defined as the supremumof the squared Euclidean distance
between x and its quantized counterpart Q(x) over all pos’sible signals in R™:

e = sup [x= Q- (51)

xER"
For example, when considering binaryencoding in Example 1 and 2,

eg = K z2 - 2_2K,
where K is the number of bits@ised in the encoding.

We can choose ((-) to be.a sparsity-preserving quantizer, which ensures nonzero
clements remain nonzero after quamtization, while zero elements remain zero. In other
words, the quantizer only alters nonzero elements in a way that its nonzero nature is
retained. For example;

When the sgignal x is reconstructed by solving the least square problem among
sparse quantized vegtors, i.e., under a sparsity constraint S:

% = argmin|ly — Ax|, (52)
xER%ﬁS

we have the following conclusion.

Theorem 1. For sparsity constrained problems (4)-(5) and (7)-(8), or more generally
problem (52),

1+ 6x(A)

2 < T%(A)EQ' (53)
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Proof. As Q(-) preserves sparsity, Q(x*) is also a feasible solution to (52). Using the
optimality of X, we can establish the following inequality:

ly — Ax[l3 < [ly — AQ(x")[[3, (54)
Using the fact that y = Ax*, the left-hand side of (54) satisfies that
ly — A%[l3 = [A(X" = %)[5 > (1 — dar(A)) 1% — x7[[3. (55)
~

The inequality above follows from the following two facts:

e measurement matrix A satisfies the restricted isometry, property (RIP), with
constant dx(A) € [0, 1], i.e., for all v that are k-sparse,

(1= ar(A) V5 < AV < @+ d(ANIvI3.

o || —x*||o < 2k.

For the right-hand side of (54), we have: y
ly — AQ(x")|z <AL — Q)3 (56)
< (T oa)lx" — Qx| (57)
S (1 == (SA>€Q (58)

Inequality (57) is based on thefact that the quantization error x — Q(x) is k-sparse for
any k-sparse vector x and sparsity preserving Q(-).

Combining these inequalities, we obtain the following bound on the error between
the reconstructed signal and'the eptimal signal:

. 1+ dx(A)
XA X2 < — . 59
m
Theorem 2. By setting A < % in the QUBO formulation (3), or equivalently,

setting a sufficiently large penalty coefficient for reconstruction error term,

. (34 0k(A)) - €@

ProaofiiLethx be the optimal quantized solution to the ¢y regularized least square
problem, #e.,

X = argmin f(x) = HAX—yH%—i—)\HXHO. (60)

xeRg

Note that

1AQ(x") = ¥lI3 = [JA(Q(x") — x5 < (1 + a(A))[|Q(x") = x"|5 < (1 + du(A))e,



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - QST-103434.R2

Unified Sparse Optimization via Quantum Architectures and Hybrid Techniques 22

and thus f(Q(x*)) < (1+0x(A))eg + Mk < 2eg. We next claim that ||Ax — y|[3 < 2¢p,
otherwise

F) = ||Ax —yll; > 260 > f(Q(X")),

which contradicts the fact that x is the optimal solution to (60).
Furthermore, we have

NMAG=QE)IE _ (A% —y) — (AQK") — 5 2B 5(A)) - €o
1 — 60 (A) 1 — o0(A)

and consequently

(3 == (Sk(A)) . EQ

1% — x5 < Q") — x"[[ + [|% — Q(x")|[3= teq.

]

For all the three problems considered in this pape?, the error induced by the
quantization, which represents the distanee to the.optimal solution, i.e., ||x — x*||3,
is in the order of O(eg). For the quantization scheme in Example 1 and 2, the number
of bits K, required for coding the real-valuedisignal, scales as O (log 1/[|% — x*[|3).

Our worst-case results above also “apply. for randomly distributed signals x.
In addition, when random signals arenquantized into binary representations, the
quantization process introduces a.form of observation noise that is inherently dependent
on the signal itself, where measurements y = A(x + ny), ny, denotes the observation
noise introduced before sampling. This is different from measurement noise that is
introduced after sampling[67]>% In this context, the recovery of sparse signals from
quantized signals can be vieweéd as & compressive sensing problem with signal-dependent
observation noise.

Existing literature has studied several aspects of compressive sensing under noisy
observations and measurements. Reeves et al. [67] shows that observation noise has less
impact on signal reconstruction compared to sampling noise or using low sampling rates.
Kipnis et al #]68] examined the relationship in distribution between the compressed
form of a high-diménsional signal x obtained via a random spherical code and the
observatiomwof xaffected by additive white Gaussian noise (AWGN). Understanding the
fundamental limits [69] and theoretical guarantees [70] of random signals quantization
in compressed sensing, with the additional presence of observation and measurement
noise, is a potential future research direction.

6. Experiment Results

The experiment is designed based on model 2.1 in Section 3.3. We performed four
experiments with varying bit lengths of 16, 46, 76, and 106 Ising spins, respectively.
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6.1. Data generation procedures

Firstly, we generate the measurement matrices with 0 and 41 entries,randomly and
independently for each experiment, following a Bernoulli distribution. The choice of
a Bernoulli distribution [71] demonstrates that with exponentially high probability,
matrices generated in this manner satisfy the restricted isometry property (RIP)
property with the number of measurements nearly linear in the sparsity level.To assess
the effectiveness of our model, we need a ground truth. Hence, we randomly generate a
set of true signal values with a predetermined number of non-zgro entries; which are set
to 1, 2, 3, and 4, respectively. In the presence of both the measurement matrices and
the true signal values, we proceed to compute the measurement, values. The key step
entails the utilization of these measurement values in conjunction with the measurement
matrix to reconstruct the original true signal values vianCIM.
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Figure 37 Heatmaps of Ising matrices for the four problems. The Heatmaps exhibit
a spectrum of hues, signifying a varied landscape of spin interactions. With the
augmentation of the bit count, the heatmap patterns evolve to a higher density, thereby
unveiling intricate motifs that are less discernible in the context of smaller problem
instances.
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Based on the data and transformations, we can derive the corresponding QUBO and
Ising models for the optimization problem. The Ising model is another représentation
of the same optimization problem and is related to the QUBO model through a simple
transformation. The heatmaps shown in Fig. 3 represent the Ising magricesyi.c., the
coefficient matrix of the Ising model, for the four different problem instanees with varying
numbers of Ising spins. The intensity of the colors in the heatmaps refleets themagnitude
of the coefficients in the Ising matrices, with darker colors indicating lower(values. The
visualization of Ising matrices provides insights into the complexity andvinterconnections
of the qubits in optimization problems. =

6.2. Methodology

In our experimental setup, we conducted a comparativeranalysis.involving CIM quantum
hardware and five classical algorithms: Orthogonal Matching Pursuit (OMP) [72], Basis
Pursuit De-Noising (BPDN) [73], and Least Absolute Shrinkage and Selection Operator
(LASSO) [74], which are classic algorithms within the field @f compressed sensing, as well
as SA and Tabu Search, two classical algorithms employed for solving QUBO problems.
In the following, we give a brief introduction,to the ' SA and Tabu algorithms.

e Simulated Annealing [75] (SA): The simulated annealing algorithm is a stochastic
optimization technique inspiréd by thesphysical process of annealing in metallurgy.
It aims to solve combinatorial optimization problems by iteratively exploring
the solution space while gradually decreasing the exploration intensity. At each
iteration, the algorithm .eonsiders a neighboring solution and probabilistically
accepts it, allowing for the exploration of both local and global optima. The
acceptance probability™is determined by the difference in the objective function
values and a “temperature” parameter, which controls the degree of randomness in
the explorationsprocess. As the algorithm progresses, the temperature is gradually
reduced, leading tona more deterministic search towards the optimal solution.
Simulated annealing can escape from local optima and its convergence properties
make it a @maluable tool for tackling complex optimization problems in various
domains;

e Tabu Search [76]: " Tabu search is a metaheuristic optimization algorithm
employed to.solve combinatorial and discrete optimization problems. Operating
within a guided search framework, it iteratively explores the solution space by
maintaining a tabu list that records recently visited solutions and associated moves,
prevemnting immediate revisits to encourage diversification. Additionally, the search
incorporates intensification by leveraging aspiration criteria to override tabu status
for promising solutions. These dynamics enhance the algorithm’s ability to escape
local optima and converge towards near-optimal solutions. Tabu search offers
a robust and effective strategy for addressing complex optimization challenges
through its adaptive and memory-driven approach.
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Our coherent Ising machine (CIM) [77] is a quantum computing systegm that
employs laser pulses in optical fibers as its fundamental computational unitsy referred
to as qubits. As shown in Figure 4, we utilize a 1560-nm mode-locked fiber laser with
a 100 MHz repetition rate and a 100 fs pulse width. This laser generates:780-nm pulses
through second harmonic generation (SHG), which are then used to synehronously pump
a periodically poled lithium niobate (PPLN) bulk crystal within a*fiber-ring cavity.
The fiber loop includes several key components: a coupler for injec¢ting feedback signal
pulses, another coupler for outputting degenerate optical parametric oscillator (DOPO)
pulses for homodyne measurement, and a fiber stretcher to mitigate fnterference from
the external environment. The system also includes EDEFA (Erbium-Doped Fiber
Amplifier) for signal amplification, BHD (Balanced Homodyne Detection) for precise
pulse measurement, AD (Analog-to-Digital) conversion forsignal digitization, DA (Data
Acquisition) for data collection, PM (Phase Modulator) for phase control, and LO (Local
Oscillator) for stable reference signals.

Pulsed Laser
1560 nm

Feedback
Calculations

BHD

Measurement

Figure 4: Schematicidiagrtam of a coherent Ising machine, illustrating the integrated
system forsimulating quantum dynamics and its components including the pulsed laser
input, EDFA, FPGA-based feedback computation, and measurement units.

The DOPO network comprises 211 optical pulses, each representing a spin of the
coherent Ising machine. Following the analog-to-digital conversion, these pulses are sent
into a field-programmable gate array (FPGA). Given the Ising matrix, the FPGA can
caleulate the feedback injection amplitude of each pulse in each round.

The measurement and feedback scheme begins with a homodyne detection stage,
where the in-phase component of each OPO pulse is measured. This measurement
captures the amplitude and phase information of the light pulses, which are critical for
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determining the state of each simulated spin. The measured data is then processed by
FPGA, which computes the feedback signal based on the predefined coupling matrix.
The computed feedback signal is subsequently used to modulate the phase and intensity
of local oscillator pulses. These modulated pulses are injected back into the optical
cavity, effectively coupling the OPO pulses according to the desired interactions. 'This
closed-loop feedback system ensures that the optical pulses are dynamiecally adjusted to
reflect the evolving state of the simulated spin system.

In the developed CIM, our approach involves transforming the,problem into a
corresponding Maximum Cut (Max-Cut) problem for solving. It has been demonstrated
in the literature that finding the ground state of the Ising‘model without an applied
magnetic field can be reformulated as a Max-Cut problem. Indeedjfor Ising formulation

o = argmin — Z J; joi0j — Z hios, (61)
o i P

we can add an auxiliary spin variable s, to convert the line~ar terms in (61) to quadratic
terms as following,

(6%, 00) = argmin — Z Jij0i0; — Z hicioq, (62)

0,04 B
9.

and we can obtain the original optimal o*'wia equation ¢* = ¢* - 0. Take the 76-bit
problem as an example, as shown in Fig 8pwe perform the solving of the 76-bit max-cut
problem in CIM. The numerousiedges connecting the nodes in the graph illustrate the
intricate coupling relationshipg’among the variables, highlighting the complexity of our

problem.

Figure’5: Solution for 76-bit Max-cut problem. The nodes are divided into two
categories: one set of nodes is colored with blue, representing the spin values of +1,
while the other set is colored with green, representing spin values of —1.
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6.3. Analysis of the results

In Figure 6, we present a single Hamiltonian evolution of solutions obtained using, CIM.
From these figures, it is clearly discernible that within a fleeting time frame, of several
milliseconds, specifically, not surpassing 3.39 milliseconds, CIM converges to the ground

energy state.

-10 100 : |
~
c —15 c ‘
© o 0 - y
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T_ -19.5 £ 5 3
25 ~100 N\ =
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Time(ms) Time
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Figure 6: A single evolution of Hamiltonian values over time for different system sizes,
based on the best sifigle'shot. The main panels show the dynamics of the Hamiltonian
(y-axis) as a fungfion ofitime in milliseconds (x-axis) for four distinct bit lengths: (a)
16-bit, (b) 46-bit; (c) 76-bit, and (d) 106-bit systems. The red dots indicate instances
of optimal emergy states. The inset in the panel is a zoomed-in view of a specific
region of interest, highlighting the fluctuations in detail in the Hamiltonian’s trajectory.
The graphsrillustrate the varying complexity and convergence to optimal states with

increasing system size.

In the!CIM’s evolution curve, the time interval between adjacent data points is 2.11
microseconds. Indeed, within the fiber loop, there were 211 oscillating pulses spaced 10
nanoseconds apart between each pair of pulses. This precise arrangement results in a
transmission time of 2.11 microseconds for the optical pulses to traverse the loop. As we
observe, the Hamiltonian undergoes a gradual descent over time, and as the pump power
increases to the critical threshold for oscillation, a profound phase transition unfolds.
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NMSE Distribution Accuracy Distribution
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Figure 7: Boxplot distributions of Normalized Mean %quared Error (NMSE) and
Accuracy for CIM across different problem sizes./ The red dashed lines indicate the
mean values for each group. CIM demonstrates excellent performance with perfect
accuracy (100%) and zero NMSE for 16 spins, while maintaining high accuracy and low
NMSE as the problem size increases, showcasing its'scalability and robustness in solving
sparse optimization problems.

This set of results demonstrates theefficiency of the optimization process in approaching
the optimal Hamiltonian value within a,short time frame for different bit sizes.

Table 2 presents the Normalized Mean Squared Error (NMSE) and accuracy of
solutions obtained by variousalgorithms. The definitions for NMSE and accuracy are
as follows:

1%true — XHQ
x[[>
|{i|xtrue,i = 07'Ti - O}l + |{i|$true,i 7é 07'Ti 7é O}'
n

NMSE = (63)

Acguracy = (64)

As shown inthe table, it is evident that CIM can accurately recover the signal values
with an NMSE' of 0 and 100% accuracy over different problem sizes. We also validate
thesuperiorypérformance of CIM through statistical analysis of multiple experimental
runs. Figure 7 presents the boxplot distributions of NMSE and accuracy for CIM with
different_problem sizes.
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Experiments Algorithm | NMSE | Accuracy
OMP 0.0000 | 100.00%
LASSO | 0.0008 | 100.00%
BPDN 0.0064 | 80.00%
SAghort 0.3320 | 80.00% |
SAlong 0.1700 | 87.20% |
Tabuget | 0.5879 | 75.60%
Tabuen, | 0.2930 | 76:80%
CIM 0.0000 | (100:00%
OMP 1.6000 4. 86.67%
LASSO 1.3525 | 86.67%
BPDN 0.4009.| 33.33%
SAghort 0.8630.. | 60.40%
SAlong 0.4109 [ 90.53%
Tabugor 100.8958 | 65.73%
Tabu,g |(08181 | 68.53%
CIM 0.0000 | 100.00%
OMP 0.0000 | 100.00%
LASSO 1.1137 | 84.00%
BPDN 0.0043 | 88.00%
SAghort 1.0475 | 50.08%
SAwhe 1.0726 | 74.72%
Tabugoe | 1.0858 | 60.64%
Tabuen, | 0.9912 | 61.44%
~ CIM 0.0000 | 100.00%
OMP 0.2737 | 94.29%
LASSO | 0.7348 | 94.29%
BPDN 0.2705 | 14.29%
SAghort 1.0111 | 44.80%
SAong 0.9856 | 68.51%
Tabugee | 1.0100 | 59.20%
Tabuen, | 0.9858 | 58.06%
CIM 0.0000 | 100.00%

m=>5,n=15k =2

m =4,n =35k =4

Table 2: Performance comparison between CIM and classical algorithms. For both SA
anddTabu, wertested two different runtimes. The runtime of SAg,.¢ is approximately
0.16s, with the four experiments taking 0.1531s, 0.1570s, 0.1616s, 0.1611s, respectively.
As for, SAj,e, its runtime is around 15s, and the individual experiment times are
14.96s, 15.09s, 15.78s, 15.72s. Tabug,,+ demonstrates a runtime close to 0.1s, with
corresponding times of 0.0756s, 0.0813s, 0.0917s, 0.1276s. Lastly, Tabuje, runs for
about 0.8s, and the four running time are 0.5717s, 0.7129s, 0.8149s, 1.0518s. It can be
observed that increasing the runtime improves the performance of both SA and Tabu.
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The results demonstrate the CIM’s robust performance in solving combinatorial
optimization problems. For smaller problem sizes, such as 16 spins, the CIMyachieves
perfect accuracy (100%) with an NMSE of 0, indicating highly precise solutions.
Through the increases of the size, the NMSE exhibits a slight upward trend, with means
of 0.1088, 0.1990, and 0.2566 for 46, 76, and 106 spins, respectively, while maintaining
a high mean accuracy of 97.07%, 95.84%, and 95.82%. These results highlight the
scalability and competitive advantage of the current work over classical algorithms, as
further evidenced in Table 2, where CIM almost consistently outper&rms traditional
methods.

Time To Target

102 4
10! 3

100 4

Time (seconds)

1071 E

1072 3

CIM TabuShort SAshort Tabu/ong SAlong

Figure 8: Time To Target (TTT) comparison of several approaches. The performance of
CIM, Tabuy andySimulated Annealing (SA) is evaluated under different problem sizes,
represented by{the colors: blue (n = 5), orange (n = 15), green (n = 25), and red
(n =35).

For those approaches with random output solutions, including CIM, SA, and Tabu
search, we evaluate the time required to achieve a solution with sufficient quality at a
high probability. Let py be the constant of desired success probability, here we calculate
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the following metric of time to target (TTT) |78,79],

log(1 — po)
log(1 —p,)’

where 7 represents the duration of a single shot, and p, denotes the probability of
achieving the target in a single shot.

In our experiments, we set the expected accuracy of the three appreaches as its
target value, and p, is calculated accordingly. For CIM, each shots€onsists of 2000 loops,
and the time per loop is 2.11 microseconds, so the total time 7 ig 4.22dnilliseconds. To be
rigorous, we set 7 as the longest running time among the calls, that exceed the specified
target for both SA and Tabu. Since the parameters for SA and Tabu are fixed in each
experiment, the runtime for these two algorithms remains relatively stable, with minimal
variation. Thus, using this method to define 7 for SA and TFabu will not exaggerate their
TTT values. In the experiment, we set the desiredprobability py to 0.99.

From Table 2, CIM consistently outperformsdoth SA and Tabu in terms of average
accuracy and average NMSE, achieving accuracy lévelstaBove 95.8%. Despite this, as
shown in Figure 8, among the three approaches, CIM/ demonstrates a lower Time To
Target (TTT) compared to both SA and Tabu, indicating that CIM can reach superior
accuracy in a shorter amount of time, with high probability.

6.4. Hybrid Algorithm

In this experiment, we compare the complexity of the quantum Benders decomposition
method with direct QUBO modeling, for solving sparse optimization problems. In
direct QUBO modeling, the total number of binary variables grows as least n(K + 1),
making the model increasingl? complex and difficult to solve as K increases. By
iteratively refining upper . and lower bounds, the Benders decomposition simulated
effectively narrows the solution’space, as depicted in the figures. The gray regions
in the plots represent the,gap between the bounds, which consistently decreases over
iterations, highlighting the algorithm’s convergence properties. Note that there are 2n
binary variables‘and one real variable, and the number of constraints for the RMP
problem is n6 more than the number of iterations. This leads to fewer qubits being
required when solving the RMP using quantum hardware devices, especially when using
the quamtum conditional gradient method [17] for constrained programming problem
variables, compared to directly encoding the original QUBO model with n(K +1) binary
variables.

7. Discussions

A Timitation shared by hardware-based solvers, including CIM, is their constrained
parameter precision [80]. While the QUBO framework theoretically operates with
continuous parameters, practical implementations on physical devices are inherently
restricted by finite numerical representations. As a result, the precision of the encoded
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Figure 9: Convergence of up er bounds using the Benders decomposition
method for sparse optimizati lots correspond to the problem with the signal
length of n = 5,15,25 a = 6 denoting the number of Ising spins required

if we encode each real inary variables.

properti 8 or-based Ising systems, and established conditions for the stability of
equilibrium points. These results offer an understanding of how CIMs can reliably solve
co i timization problems. Pramanik et al. [82] provides the first rigorous
theoreticalianalysis of the convergence properties of the optoelectronic oscillator (OEO)-
bas , demonstrating that they are not merely heuristic but can be analytically
derstood. By establishing bounds on the expected difference between the objective
d the optimal solution, OEO-CIM can converge to a region around the optimum
nder reasonable assumptions. Although the OEO-CIM analyzed in [82] is not identical

the CIM wused in our study, their theoretical analysis offers valuable insights into
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the convergence properties of CIMs in general. Further exploration of these theoretical
guarantees in the context of our specific CIM implementation could be an interesting
direction for future research.

8. Conclusion

In this paper, we explore the interplay between the concept of sparsity and the
cutting-edge field of quantum computing using CIM. Our gontributions focus on
the development of efficient models capable of addressing multiple’ sparsity-related
optimization problems. We have also introduced a hybrid quantum-classical approach
to further enhance computational efficiency and bridge the gap between quantum and
classical paradigms. In addition, we have demonstrated the practical applicability of
CIM in sparse signal recovery through real-world experiments.” We believe that the
fusion of these two domains opens doors to more efficient and powerful solutions with

far-reaching implications in various fields of information processing.
L
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Appendix A. Derivation of the QUBO model 2.1
The Hamiltonian of the model is

H=[|Ax = yll3+ A [x[[o + Ho
=x"ATAx — 2yTAx+ \ - |[x[[o + Ho +|y][3

Hi Ho
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By substituting equation (30) into this, we have
Hi, =xTATAx — 2yTAx

=(6T (I, ® W) + wol HATA((I, ® W) + wol,)
—2y"A((L, ® w")é +wol,)

=TI, @ w)ATA(I, @ w")é
+wed (I, ® W) ATAL, + wel'ATA(L, @ wh)é
—2yTA(L, @ wh)d + will ATAL, — 2wpy ' Adys

=0T (ATA @ W)d + 2[weltATA(T, @ w')
—y'AI, @ wh)])d +wilPATAL, — 2woytATL,.

In the last equation, we use the fact that
Leow)Qleow")=QaW,

where W = ww?. Neglecting constant terms, the Hamilténian #; can be equivalently
expressed by minimizing the following term, utilizing the fact that

[(wol!ATA(T, @ w') — yL A, ® w')]6
= 6 Diag(wol ATA(L, @w') —y AL, @ w'))]d

holds for binary vector 9:
H, =6"[ATA @ W + 2Diag(wol ATA(L, @ wh) — y " A(L, @ wh))]é.

Let
N

Q, =ATA ® W +2Diag(wo1ATA(I, @ w') — yTA(I, @ wh)),

then

0
Hi = PT [%l 0] p.

For the Hamiltonian asseciated with sparsity, we have the following result,

Ho =X~ Zzi + A Z (Z(@j — 2i0;5) + Z(l —z)(1 - 52’3’))

i=1  j€eT JE€D

SHOIEED ) IS 9 3L

i€Zo i=1 jeT, i=1 jET,
i=1 j€Ih =1 j€Iy
=Lip+p ' Qop
=p’ (Qo + Diag(Lo))p
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where Ly and Q consist of A, =\ and 0. The last equation holds because p is a binary
vector. Hence

H=p"Qqp, (A1)
where

Q. 0

Qx=Qp+ Diag(Lg) + 0 0
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